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Abstract
This paper presents the stability tools for hybrid systems. The considered hybrid
systems include both the sampled-data systems and the discrete-event systems. The
approach used is to consider the time-sequence when the states of system are changing.
This approach enhance the Lyapunov stability by including the cases when the con-
tinuous time nonlinear systems are discontinuous on the right hand side or when the
nondifferentiable Lyapunov function is needed. Because these tools are the extensions
of Lyapunov stability theory, the way of applying to solve the problem will be the same
approach with the existing well define Lyapunov stability tools.

1 Introduction

Many hybrid systems can be modeled as
the nonlinear equation with the discontinuous
vector field, [Barabanov and Sevastopol, 1988].
Although there is a big interest in this area,
there is only few available stability tools,

• Input & Output approach: as shown in
[Michel et al., 1987], [Miller et al., 1989]
and [Mousa et al., 1986]

• Lyapunov Stability: such as those appear
in [Branicky, 1994], [Techakittiroj, 1998]
and [Techakittiroj et al., 1999]

Lyapunov theorem is the main tool for analy-
sis the stability characteristic of systems. This
paper intends to briefly present the work in
[Techakittiroj, 1998] where the Lyapunov theo-
rem has been extended to cover the cases when
nonlinear systems have the discontinuous vec-
tor field. The time rate of change of Lyapunov
function is also relaxed to allow some positive
rate of change. This paper present the re-
sults to cover the cases of uniformly ultimately
bounded, asymptotically stable, and exponen-
tially stable. The results is given here without
proof. Most of the proofs, [Techakittiroj, 1998],
can be derived by combining the proof of stan-

dard Lyapunov with the method of induction
at each step of changes.

The paper is organized as follows: Section 2
introduces the terminology that will be used
throughout the paper. Section 3 presents
the stability tools for the uniformly ultimately
bounded cases which guarantee the bounded-
ness of the solutions. Section 4 extends the
result to the uniformly asymptotically stable
cases which guarantee the convergence of the
trajectories. The result in Sections 5 is for
exponentially stable cases which guarantee the
rate of convergence. Section 6 gives the conclu-
sion remark.

2 Definitions and Preliminary Results

Time-invariant systems are the main focus of
the work. All systems considered are assumed
to have a unique equilibrium at 0. Henceforth,
stability of the system will refer to the stabil-
ity of the equilibrium point. Without loss of
generality, the initial time is assumed to be 0.

Unless stated otherwise, the following nomen-
clature is used.

Br Br = {x : ‖x‖ < r}
B̄r The closure of Br, i.e.

B̄r = {x : ‖x‖ ≤ r}
Jr Given a C0 function, V (x),



Jr = {x : V (x) < r}
J̄r The closure of Jr, i.e.

J̄r = {x : V (x) ≤ r}
‖.‖ Norm operator

In this work, the Euclidean norm
and its induced matrix norm are used.

This work considers systems in the form of

ẋ = f (x,u) (1)

f (·) can be discontinuous. The requirement is
the existence, uniqueness and continuous of the
solutions of the system. This requirement is
general for physical systems.

The time sequence need to be added in the con-
sideration to apply this result. The followings
are two definitions of time sequences using in
this work.

Definition: (A-type sequence) An infinite se-
quence, {τi}i∈N , is of type A if τi is strictly
increasing with respect to i and limi→∞ τi →
∞.

Definition: (B-type sequence) An infinite se-
quence, {τi}i∈N , is of type B if it is of type A
and sup {τi+1 − τi : ∀i ∈ N} is finite.

2.1 Definitions of Stability
Details of these definitions of stability can be
founded in [Hahn, 1963] and
[Vidyasagar, 1993].

Definition: (uniformly stable) The equilib-
rium 0 is uniformly stable if, for each ε > 0,
there exists a δ = δ (ε) such that

‖x0‖ < δ (ε) , t0 ≥ 0⇒ ‖x (t, t0,x0)‖ < ε, (2)
∀t ≥ t0

Definition: (uniformly attractive) The equi-
librium 0 is uniformly attractive if, for a given
δ > 0, there exists a T = T (ε) for each ε > 0
such that

‖x0‖ < δ, t0 ≥ 0⇒ ‖x (t0 + t, t0,x0)‖ < ε, (3)
∀t ≥ T (ε)

Definition: (uniformly asymptotically stable)
The equilibrium 0 is uniformly asymptotically
stable if it is uniformly stable and uniformly
attractive.

Definition: (exponentially stable) The equi-
librium 0 is exponentially stable if there exist
constants a, b, δ > 0 such that

‖x (t0 + t, t0,x0)‖ ≤ a ‖x0‖ e−bt, (4)
∀t, t0 ≥ 0,∀x0 ∈ Bδ

Definition: (uniformly bounded) The solu-
tions of a differential equation are said to be
uniformly bounded if, for a given δ > 0, there
exists a constant ε > 0 depending only on δ
such that

‖x0‖ < δ ⇒ ‖x (t0 + t, t0,x0)‖ < ε, t ≥ t0 (5)

Definition: (ultimately bounded) The solu-
tions of a differential equation are said to be
ultimately bounded with the bound ε if, for a
given δ > 0, there are positive numbers ε and τ
such that

‖x0‖ < δ, t > t0 + τ ⇒ (6)
‖x (t0 + t, t0,x0)‖ < ε

The number τ might depend on x0 and t0.

Definition: (uniformly ultimately bounded)
The solutions of a differential equation are said
to be uniformly ultimately bounded with the
bound ε if the number τ of Definition 2.1 can
be chosen independent of x0 and t0.

3 Uniformly Ultimate Boundedness

This section introduces the sufficient conditions
to guarantee the uniformly ultimate bounded-
ness of the system trajectory. Many systems
containing limit cycles is unstable by default.
However, the boundedness of the solutions as-
sures that the trajectory will be finite and limit
by a certain value. This is useful for practi-
cal applications when some bounded errors are
allowed.

Theorem 1 UUB Let x (t, t0,x0), t ≥ t0 de-
note a continuous trajectory of a dynamical sys-
tem. Given ρ and r, 0 < ρ < r, if there exists a
function, V (t,x), with the following properties.

1. 0 ≤ α (‖x‖) ≤ V (t,x) ≤ β (‖x‖), where
α (·) and β (·) are continuous, monotone,
increasing, non-negative functions.



2. There is a monotone increasing positive
function, η (·), such that

V (t2,x (t2))− V (t1,x (t1))
t2 − t1

(7)

≤ −η (‖x (t1)‖) < 0,

for any t2 > t1 > t0 when ‖x (t, t0,x0)‖ ∈
[ρ, r], ∀t ∈ [t1, t2].

3. α (r) > β (ρ)

Then there exist ε and δ with 0 < ε < δ,
such that for any x0 ∈ B̄δ the continuous
trajectory, x (t, t0,x0), is uniformly ultimately
bounded with bound ε.

This theorem extends the standard Lyapunov
theorem by relaxing the time derivative condi-
tion to the different condition.

Remark 1 (ρ, ε) Directly from the proof, ε
and δ in Theorem 1 satisfy the conditions

δ < β−1 (α (r))
δ > ε > α−1 (β (ρ))

Theorem 1 requires that the Lyapunov function
is decreasing along the entire trajectory. The
next theorem is modified to relax this require-
ment.

By introducing the A-type time sequence and
using the idea of level sets, the result for uni-
form ultimate boundedness cases can be ex-
tended to the case when the Lyapunov function
is not decreasing along the entire system trajec-
tory. However, by using the level sets, the con-
tinuity of the Lyapunov function is required.

Theorem 2 UUB, A-type Let x (t, t0,x0), t ≥
t0 denote a continuous trajectory of a dynamical
system. Given ρ and r, 0 < ρ < r, if there
exists an A-type time sequence, {t0, τ1, τ2, · · ·},
and a continuous function, V (t,x), satisfying
the following properties.

1. 0 ≤ α (‖x‖) ≤ V (t,x) ≤ β (‖x‖), where
α (·) and β (·) are continuous monotone in-
creasing non-negative functions.

2. For any t1 ∈ (τk, τk+1],

V (t1,x (t1, t0,x0)) ≤ V (τk,x (τk, t0,x0)) ,

when V (t2,x (t2, t0,x0)) ∈ [ρ, r], ∀t2 ∈
[τk, t1].

3. There is a positive constant, η, such that

V (τk+1,x (τk+1))− V (τk,x (τk))
τk+1 − τk

(8)

≤ −η < 0,

when V (τk,x (τk, t0,x0)) and
V (τk+1,x (τk+1, t0,x0)) are in [ρ, r]

4. β−1 (r) > α−1 (ρ).

5. For any x (t1, t0,x0) ∈ Jρ, the trajectory,
x (t, t0,x0), remains inside Jρ for t ≥ t1.

Then there exist ε and δ with J̄ρ ⊆ B̄ε ⊂ B̄δ ⊆
J̄r, such that for any x0 ∈ B̄δ the continuous
trajectory, x (t, t0,x0), is uniformly ultimately
bounded with bound ε.

Theorem 2 differs from Theorem 1 in two ways.

1. Theorem 2 requires knowledge of the so-
lution trajectory inside the bound (Con-
dition 5). This is a disadvantage of this
theorem.

2. Theorem 2 only requires that the V func-
tion is decreasing at some points in time.
This becomes the main advantage of this
theorem.

4 Uniform Asymptotic Stability

Theorem 1 cannot be extended to asymptotic
stability. Theorem 2 can be extended, however,
it would impose the condition that too strong.
The next theorem should be more practical.

Theorem 3 UAS, A-type Let x (t, t0,x0), t ≥
t0, denote a continuous trajectory of a dynam-
ical system. Given r > 0, if there exists an A-
type time sequence, {t0, τ1, τ2, · · ·}, and a func-
tion, V (t,x), satisfying the following proper-
ties.

1. 0 ≤ α (‖x‖) ≤ V (t,x) ≤ β (‖x‖), where
α (·) and β (·) are K-class functions.

2. For any t1 ∈ (τk, τk+1],

V (t1,x (t1, t0,x0)) ≤ V (τk,x (τk, t0,x0)) ,

when x (t2, t0,x0) ∈ B̄r, ∀t2 ∈ [τk, t1].



3. There exists a K-class function, η (·) such
that

V (τk+1,x (τk+1))− V (τk,x (τk))
τk+1 − τk

(9)

≤ −η (‖x (τk)‖) ,

where x (τk, t0,x0) and x (τk+1, t0,x0) are
in B̄r

Then there exists δ > 0, such that for any
x0 ∈ B̄δ the continuous trajectory, x (t, t0,x0),
is uniformly asymptotically stable.

Next we consider the B-type time sequence.

Corollary 1 (UAS, B-type) Let x (t, t0,x0),
t ≥ t0, denote a continuous trajectory of a dy-
namical system. Given r > 0, if there exists
a B-type time sequence, {t0, τ1, τ2, · · ·}, and a
function, V (t,x), satisfying the following prop-
erties.

1. 0 ≤ α (‖x‖) ≤ V (t,x) ≤ β (‖x‖), where
α (·) and β (·) are K-class functions.

2. For any t1 ∈ (τk, τk+1],

V (t1,x (t1, t0,x0)) ≤ V (τk,x (τk, t0,x0)) ,

when x (t2, t0,x0) ∈ B̄r, ∀t2 ∈ [τk, t1].

3. There exists a K-class function, η (·), such
that

V (τk+1,x (τk+1))− V (τk,x (τk)) (10)
≤ −η (‖x (τk)‖) ≤ 0,

when x (τk, t0,x0) and x (τk+1, t0,x0) are
in B̄r

Then there exists δ > 0, such that for any
x0 ∈ B̄δ the continuous trajectory, x (t, t0,x0),
is uniformly asymptotically stable.

Corollary 1 is very close to the discrete-time
Lyapunov theorem. Condition 2 is added to
guarantee asymptotic stability for the entire
trajectory, both at the sampling instants and
in-between.

5 Exponential Stability

In the case of exponential stability, the mini-
mum rate of convergence of the system trajec-
tory to the equilibrium is guaranteed. Because
an A-type sequence has an arbitrary sampling
rate, it is difficult to guarantee exponential sta-
bility. Therefore only a B-type sequence is con-
sidered.

Theorem 4 ES Let x (t, t0,x0), t ≥ t0, denote
a continuous trajectory of a dynamical system.
Given r > 0, if there exists a B-type time se-
quence, {t0, τ1, τ2, · · ·}, with the maximum in-
terval σ and a function, V (t,x), satisfying the
following properties.

1. There exist positive numbers, α, β, p such
that α ‖x‖p ≤ V (t,x) ≤ β ‖x‖p.

2. For any t1 ∈ (τk, τk+1],

V (t1,x (t1, t0,x0)) ≤ V (τk,x (τk, t0,x0)) ,

when x (t2, t0,x0) ∈ B̄r, ∀t2 ∈ [τk, t1].

3. There is a positive constant, η, such that

V (τk+1,x (τk+1))− V (τk,x (τk)) (11)
≤ −η ‖x (τk)‖p ,

for p as given in Condition 1 when
x (τk, t0,x0) and x (τk+1, t0,x0) are in B̄r.

Then there exists δ > 0, such that for any
x0 ∈ B̄δ the continuous trajectory, x (t, t0,x0),
is exponentially stable.

Theorem 4 extends the standard discrete-time
Lyapunov theorem by adding Condition 2
which guarantees exponential stability for the
entire trajectory, both at the sampling instants
and in-between.

6 Conclusion

The stability tools for verification of system
stabilities are given. Three major classes
of stability, uniformly ultimate boundedness,
asymptotic stability, and exponential stability
have been considered. These results are in-
between the discrete-time Lyapunov theorem
and continuous-time Lyapunov theorem. The



discrete-time Lyapunov is extended to guaran-
tee the stability of the entire trajectory instead
of only at the sampling points. The extensions
allow the Lyapunov functions to be increasing
at some period of time.
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